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AMATYC STUDENT MATH LEAGUE
1991-92 Solution Summaries

1. (log 8)/(log 4) = (3 log 2)/(2 log 2) =3/2.

2. ll/cos x = sin x/cos x, which only occurs if sin x = 1 or x = 7/2, but tan and sec are undefined there.
3. Squaring both sides yields 2 +4/x = x, or x2 - 5x + 4 = 0. Of the solutions 4 and 1, only 4 checks.
4. logyg (1/2) = -1/4, not -4.

5. There are §C3 = (6-54)/(32:1) = 20 possible committees. There are 3 ways to choose 2 out of 3 men,
3 ways to choose 1 out of 2 women, so the required probability is (33)/20 = 0.45.

6. The inequality is equivalent to 3x = -12 or x = -4, which defines the interval [-4,+).

7. Clearly, if there were 3 or more students in the room, we could find a group of 3 people with no non-
students. With 1 or 2 students in the room, all conditions are satisfied.

DorE 8 h(h(x)) = 1/((1/x) + 1) + 1 =1+ x/(x + 1); E is correct if we require that x = 0 must be stated.
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9. If V = total price, p = Al's price per donut, then V = 5(p+4) and V = op, so 5p+20=6p. Then p =
20 and V = $1.20. Then Bo pays $1.20/8 = 15¢ per donut , which is 5¢ less than p.

10. Let A, B, C represent the three radii. Then A+B =5, B+C = 7. A+C =8, Subtracting the first two
equations gives A-C = -2, adding the third gives 2A = 6,50 A =3.

11. NOT GRADED (statement was ambiguous as to which camps were on the river).

12. The # of decimal digits in a number N is the next integer above log N (try it). log 250 = 50 log 2, and
log 2 is slightly bigger than 0.3 (since 210 = 1,024 and 103 = 1,000), so 50 log 2 = 15; next integer is 16.
13. In standard form x2/16 + y2/25=1,s0a2=25,b2 = 16, and c2 = a2 - b2 = 9, so ¢ = 3. Since the
quantity under y is greater, the y-axis is the major axis and the foci are at (0, +3).

14. From the sum-difference formulas we have cos(A-B) + cos(A+B) = 2 cos A cos B, cos(A-B) -
cos(A+B) =2 sin A sin B. Letting A = 5x, B = x we get (2 sin 5x sin X)/(2 cos 5X cos X) = tan 5x/tan X.

15. Letting each letter AM,T,Y ,C appear at most once gives 5432 = 120 words. Selecting 2 A's
gives 6 ways to place the A's, 43 ways to place the other 2 letters for 643 = 72 more words; total = 192.

16. If k=1, the system is consistent, since all three equations are then the same, so assume k=1.
Subtracting Eq2 from Eq3 and adding -k times Eq2 to Eql gives (1-kd)y + (1-k)z = 2-2k, (1-K)y + (k-1)z
= (0. Dividing out 1-k (OK, since k=1) gives y - z=0, (1+k)y + z = 2; adding -(1+k) times the first
equation to the second gives (2+k)z = 2, which is consistent unless k = -2, so only one value fails.

17. By the addition formula for tangent, this = lz.n(rg—E -+ 3%) = tan %: t.a:u:zi , which is undefined.

18. The graph 1s a right rectangular hyperbola with horizontal asymptote y = 2, so y 15 any value except 2.
19. The horizontal asymptote is at y = 1, and 1 = (x-1)2(x+6)/x3 yields 4x2-11x+6 = 0, with 2 solutions.
20. Let r = radius of circle M. Then MQ = r+8, MP =r, PQ = 2r-8, and MQ? + PQ2 = MQ2. Thus

 (r+8)2 =12 + (2r-8)2 or 4r(r-12) = 0. Since r=0, r must be 12.

P must have coordinates (3,2) (symmetry to y=x reverses coordinates), so QQ has coordinates (-3,2).
VI8 +432 =02 +V1642 =342 +42 =742.

1992 = 23249 = 233.83, all prime. Then 83 = 10a+b, so a = 8, b=3, and &, 3, 81/3 = 2 are all factors.
Since (x2)2 = x4, the required term is 7C2(x2)2{-2)° = 21(-32)x% = -672x4.

(x+1)2 - x2 = x242x+1 - x2 = 2x+1, and (2x+1)/2=2x/2 + 1/2=x + 1/2.
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Cubing both sides gives 1 + VX +3 V1 + VX V1 +vx V1 -vx +3 V1 +vx V1 - %
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